Abstract-The electromagnetic waves emitted by groundpenetrating radar (GPR) can show apparent dispersion, when they are trapped in thin interlayers whose relative permittivities are large enough. Those thin layers can act as a waveguide. The velocities and thicknesses of the surface waveguide layers and the velocity of substrate layer determine the feature of dispersion. Leaky modes correspond to the complex roots of dispersion equation of the multilayer waveguide. Finite-difference time-domain method is employed to obtain the GPR data sets of two numerical models. Dispersion images of these models are acquired by phase shift method. Moreover, the theoretical dispersion curves of leaky modes and guided modes are calculated. The simulation results illustrate that the dispersion images of multilayer waveguides are more distorted than those of single layer waveguides. It is difficult to recognize separate modes. Consequently, the inversion result would be unreliable. Further researches are required to develop more reliable methods for solving dispersion equation and inversion.
I. INTRODUCTION
Variable antenna offset profiles are utilized with groundpenetrating radar (GPR) surveys to investigate the dielectric permittivities of shallow subsurface layers by measuring velocities of electromagnetic wave. If the thickness of a shallow low velocity layer is comparable with the wavelength of electromagnetic wave, GPR data will show significant dispersion and therefore conventional reflection and refractive methods are insufficient to acquire the accurate layer permittivity.
The modal dispersion of electromagnetic wave is highly similar to the dispersion of surface waves in seismic surveys. Analogically, research methods of Rayleigh and Love waves can be used in the research of dispersive GPR data. There are five methods can be employed to get the dispersion image, including phase shift method [11] , so phase velocities of waves for different frequencies (dispersion curve) can be obtained. Then, the thickness and the dielectric permittivities of the shallow low velocity layers and the substrate layer can be finally determined by inversing these phase velocities. This is a common and mature research method to process the dispersive GPR and seismic data sets. Extensive researches have been done about the performance of electromagnetic wave in a single layer waveguide [2] [5] .Moreover, the thicknesses and velocities of the guide layer and the substrate layer of a single layer waveguide can be stably acquired from a joint inversion of dispersive TE and TM GPR data [10] .The modal propagation theory of the multilayer waveguides is far more complicated. Recently, plenty researches have been performed for multilayer waveguides, but lots of mysteries like leaky waves still remain. A two layer inversion of dispersive GPR data sets was done by Claudio Strobbia [13] to estimate the soil water content. Moreover, the difficulties and advantages of multilayer waveguide inversion were discussed in that paper. A synthetic study of two-layer waveguides was done by Jenneke Bakker [4] , which showed the differences of the dispersion curves between the single layer model and the two-layer model. The inversion result of synthetic and experimental data reveals that the properties of two layer waveguides also can be determined reliably [15] . For the waveguides (over two layers), simulation and field observations still need to be done to test the modal propagation theory and the inversion algorism needs to be developed.
The leaky mode is a special phenomenon commonly occurring in multilayer waveguides, and even the waveguide is lossless. In optics, the physical property and behavior of leaky mode are summarized and categorized [12] . Moreover, experiments was designed to observe the leaky waves. [6] . While the leaky mode is rarely discussed in dispersive GPR data research.
II . DISPERSION EQUATION AND THETICAL DISPERSION CURVE
In the 1960s and 1970s, the optical modes in solid-state waveguides were the subject of intensive study. In optics, The Transfer Matrix Method (TMM) is used as a primary tool for multilayer planar waveguide analysis, which can
derive the dispersion equation of TE and TM modes in a straightforward manner [1] . A lot of computational methods for determining the roots of dispersion equation are designed, such as CIM and ADR [3] [7] .
The dispersion equation of multilayer waveguide generated by TMM is in this implicit form:
(1) and correspond to the relative permittivities and thickness of i-th layer respectively.
is the frequency of electromagnetic wave. represents the velocity of light in vacuum. The zeros of (1) correspond to the modal refractive index .Then the speed of electromagnetic wave in the waveguide can be readily calculated ( ). The modal refractive index could be a complex number, which indicates that the propagation constant, , can also be complex. And therefore the approach for solving this nonlinear equation need allow the accurate determination of all real roots and complex roots.
The strategy of CIM is to structure a polynomial, whose roots are the same with the equation 1:
(2) One essential process of this method is to determine the number of zeros 0 S . The argument principle and the residue theorem can be employed:
is the number of poles and z N is number of zeros inside the region enclosed by the contour C. According to the formula (3), the contour of integral need to enclose all zeros and exclude all poles to obtain 0 S .And the coefficients in equation (2) are given via Newton's recursive formula:
The polynomial (2) can be easily solved by standard techniques, such as Laguerre's method. To solve the equation (3) and (4), the derivative of dispersion equation is needed. Numerical and analytical approaches to acquire , ( ) F n are discussed by Chen et al. [3] . Fig. 1 : Summary of CIM to solve dispersion equation Fig.1 demonstrates the process of CIM to solve the dispersion equation of multilayer waveguide. The real roots of dispersion equation correspond to the propagation constant of guided modes and complex roots are the propagation constant of leaky modes. Energy of a leaky mode will perform the exponential decay when it is propagating along the waveguide boundary, because of the positive imaginary part of its propagation constant. And this is the difference between leaky modes and guided modes [9] .To investigate the dispersive of guided modes and leaky modes in the multilayer waveguide, the phase shift method is employed to obtain the dispersion image.
For a single layer waveguide, the dispersion equation can be analytically solved. Moreover, the cutoff frequency and the maximum and minimum speed in phrase-velocity spectra are helpful to distinguish different modes and approximate the permittivities of the guided layer and the substrate layer. But for multilayer waveguides, determining the cutoff frequencies of modes is really challenging. Theoretically, for a lossless multilayer waveguide (the relative permittivity of the substrate layer is smaller than the minimum relative permittivity of guided layers.), the velocities of guided modes in phrase-velocity spectra will also be between 
III. NUMERICAL RESULTS
FDTD is utilized for simulating the propagation of TEmode GPR wave in the multilayer waveguide. Two 3-layer models are designed to discuss the dispersive property of guided modes and leaky modes. The grid size is 0.05m and the source wavelet is the derivative Gaussian wavelet whose center frequency is 80MHz. The trace spacing of CMP data set is 0.1m and the offset is 7.2m. The parameters of the high-velocity multilayer waveguide are showed in table 1. 
Figs. 2a and 2c correspond the data set and the phasevelocity spectrum of the model 1. For the guided modes, two white dash lines indicate the velocities in the high speed interlayer and the substrate layer, and the speeds of those are in this range. In Fig. 2c , it seems that modes are apparently separate from each other, while the modes are distorted with the neighbor mode in fact. For example, the cutoff frequency of TE5 and TE6 are about 80MHz and 86MHz respectively and the modal refractive indexes of them for 150MHz are 3.679 and 3.661 apiece. Referring to model.2, guided modes in Fig. 2d are extremely tough to identify, because the lowspeed interlayer is not able to trap the energy, which could possibly interfere with other guided waves in other layers and lead to the serious distortion. Furthermore, it is nearly impossible to reconstruct the model 2 from the phasevelocity spectrum, because that cannot provide any velocity information for the low-velocity interlayer.
In Figs. 2c and 2d, three red dash lines are continuous with guided modes. It indicates that velocities of leaky modes are higher than those of guided modes (even can reach to c ) and it is difficult to distinguish leaky modes and guided modes even in the experimental data. Consequently, the inversion result would be unreliable if we mix their dispersion curves. On the other hand, if a joint inversion of guided modes and leaky modes could be performed, the accuracy of inversion will be increased.
IV. CONCLUSION
In this paper, two numerical models have been designed for GPR dispersive data research and performance of guided modes and leaky modes are analyzed. Fig. 2 : GPR data sets and diseprsion images of two numerical models ( AGC is applied to data sets to highlight the dispersion. The two black dash lines restrict a reliable zone between the Nyquist wavenumber and minimum wavenumber.Therefore, the data outside of this zone are not discussed in this numerical simulation. The green dash lines denote the theoretical dispersion curves of guided modes and The red dash lines represent the dispersion curves of leaky modes.
Near-surface soil environment is usually complicated, and therefore we cannot simply interpret shallow soil layers as a single layer waveguide. Moreover, the field dispersive GPR data sets are usually not easy to process, because the modes are distorted with others, just like the two numerical models which are discussed in this paper.
Leaky modes commonly occur in multilayer waveguides. When we are inverting the guided mode, it is essential to get rid of the leaky modes. Also if we could extract some prior information from leaky modes, inversion could be more convinced.
